We study the behavior of connections and curvature under the HK/QK correspondence, proving simple formulae expressing the Levi-Civita connection and Riemann curvature tensor on the quaternionic Kähler side in terms of the initial hyper-Kähler data. Our curvature formula refines a well-known decomposition theorem due to Alekseevsky. As an application, we compute the norm of the curvature tensor for a series of complete quaternionic Kähler manifolds arising from flat hyper-Kähler manifolds. We use this to deduce that these manifolds are of cohomogeneity one.
Introduction
This paper concerns itself with the hyper-Kähler/quaternionic Kähler (HK/QK) correspondence, which is a duality between hyper-Kähler and quaternionic Kähler manifolds with (infinitesimal) circle symmetries. It was discovered by Haydys [Hay08] , and has since attracted the attention of physicists and mathematicians alike [APP11, ACM13, Hit13, ACDM15, MS15].
One of the most important applications of the HK/QK correspondence is to the study of a construction of quaternionic Kähler manifolds known as the (supergravity) c-map [FS90, Hit09] . This construction, first discovered by theoretical physicists, was extended to produce one-parameter families of quaternionic Kähler metrics [RSV06] , known as one-loop deformed Ferrara-Sabharwal metrics (reflecting their physical origins).
The starting point for the c-map construction is not a hyper-Kähler manifold, but rather a projective special Kähler (PSK) manifoldM , which is by definition the Kähler quotient of a corresponding conical affine special Kähler (CASK) manifold M with respect to a preferred circle action. The c-map and its one-loop deformation are most conveniently described by first passing to M , then to its cotangent bundle N = T * M , which comes with a natural (pseudo-)hyper-Kähler structure. The circle action on M moreover lifts to a natural circle symmetry of N , making it possible to apply the HK/QK correspondence to N to produce a quaternionic Kähler manifoldN of the same dimension as N (see [APP11, ACM13, ACDM15] for details). The resulting quaternionic Kähler metric admits a (nonzero) Killing field, and in fact any quaternionic Kähler manifold with a Killing field can be locally obtain in this fashion.
An important feature of the HK/QK correspondence is that, in its applications to the cmap, the one-parameter family of one-loop deformed Ferrara-Sabharwal metrics g c FS can be studied in uniform fashion. This is due to the fact that, on the hyper-Kähler side, the deformation parameter c corresponds to the additive freedom in choosing a Hamiltonian for the circle action, which is easy to handle.
In this paper, we study the behavior of curvature tensors under HK/QK correspondence. We make use of the point of view put forward by Macia and Swann [MS15] , which builds on Swann's twist construction [Swa10] , casting the HK/QK correspondence as a variation on this general method. The main advantage of this approach is that the twist construction gives explicit relations between certain tensor fields on both sides of the HK/QK correspondence.
In Section 2, we briefly recall the general twist formalism and its application to the HK/QK correspondence. Using these methods, we investigate how connections and curvature tensors change under the HK/QK correspondence in Section 3. This culminates in elegant expressions for the Levi-Civita connection and curvature of the quaternionic Kähler metric in terms of the hyper-Kähler data on the other side of the correspondence.
In Section 4, we apply our results to a series of examples considered in [CST20] . There, we showed that, under the (one-loop deformed) c-map, automorphisms of the initial PSK manifold yield isometries of the resulting quaternionic Kähler metric. This leads to lower bounds on the degree of symmetry of one-loop deformed c-map spaces. In particular, applying the one-loop deformed c-map to a homogeneous PSK manifold results in a quaternionic Kähler metric of cohomogeneity at most one. By contrast, our curvature formula can be used to give upper bounds on the degree of symmetry. To demonstrate this, we consider a one-parameter deformation of the symmetric spaces SU (n + 1, 2)/S(U (n + 1) × U (2)), which arise by applying the c-map to complex hyperbolic spaces, regarded as homogeneous PSK manifolds. Our curvature formula enables us to compute the norm of the curvature endomorphisms of these quaternionic Kähler metrics, which the HK/QK correspondence relates to a series of flat hyper-Kähler manifolds. This leads to a proof that these quaternionic Kähler manifolds are not locally homogeneous. In fact, combining this with our results in [CST20] , we establish that the isometry group acts with cohomogeneity precisely one in this family of examples.
Twist construction and HK/QK correspondence
In this section, we describe the HK/QK correspondence as a variation on the twist construction [Swa10] , following Macia and Swann [MS15] . For a more detailed review, we refer the reader to [CST20] .
Twists
The twist construction is a general method to produce new manifolds with (infinitesimal) torus actions out of others. In the following, we will restrict to free circle actions, since this is the case of interest for the HK/QK correspondence. Let N be a manifold endowed with a free circle action, generated by a vector field Z. Our goal is to construct another manifold, which carries a "twisted" circle action.
To this end, we first pick a closed, integral two-form ω on N and construct a circle bundle π N : P → N equipped with a connection η with curvature N . Now we ask for a lift of Z to P which preserves η and commutes with X P , the generator of the principal circle action on P . Such a lift exists if and only if Z is ω-Hamiltonian, i.e. there exists a function f ∈ C ∞ (N ) such that ι Z ω = −df . In this case, it is given by Z P =Z + π * N f X P , whereZ denotes the η-horizontal lift of Z. We will always assume that f is nowhere-vanishing, so that Z P is transversal to the horizontal distribution H := ker η ⊂ T P . Now we define the twist of N with respect to the twist data (Z, ω, f ) asN := X/ Z P . Then P has the structure of a double fibration:
N PN π N πN and the action of X P pushes down to a vector field ZN onN which plays a dual role to Z.
Since both X P and Z P are transversal to H, we have pointwise identifications of the tangent spaces of both N andN with the horizontal subspaces of T P . This sets up a correspondence between tensor fields. On each space, we have a notion of horizontal lift to P for arbitrary tensor fields, induced by the usual horizontal lift on vector fields and the composition of pullback and restriction to H for one-forms. We then say that tensor fields T on N and T ′ onN are H-related, denoted T ∼ H T ′ , if their horizontal lifts agree. We may also call T ′ the twist of T -the twist data implicitly understood. Note, however, that the existence of a well-defined twist implicitly presumes Z-invariance of T (and, dually, ZN -invariance of T ′ ), so the correspondence only makes sense for Z-invariant tensor fields.
This method of carrying invariant tensor fields from N over toN , and vice versa, is compatible with tensor products and contractions and respects algebraic relations. However, it typically does not preserve differential conditions, introducing correction terms dependent on the twist data. For example, if α ∼ H α ′ are differential forms, then dα − f −1 ω ∧ ι Z α ∼ H dα ′ .
Elementary deformations and HK/QK correspondence
Let us now consider the case where (N, g, ω 1 , ω 2 , ω 3 ) is a (pseudo-)hyper-Kähler manifold and comes equipped with a rotating (circle) symmetry, that is, the generating vector field Z of the circle action satisfies L Z g = L Z ω 1 = 0, while L Z ω 2 = ω 3 and L Z ω 3 = −ω 2 . We 6 also assume that Z is ω 1 -Hamiltonian, i.e. ι Z ω 1 = −df Z , and that ω 1 is integral, so that (Z, ω 1 , f Z ) can be used as twist data.
The resulting twist manifold will inherit an almost quaternion-Hermitian structure from N . However, the fundamental four-form, which is the twist of the Z-invariant parallel four-form Ω = 3 j=1 ω j ∧ ω j on N , will fail to be parallel because of the general failure of the twist construction to preserve differential relations. This means that the twist manifold is not quaternionic Kähler.
Macia and Swann investigated how to deform the hyper-Kähler structure in order to produce a quaternionic Kähler manifold out of a hyper-Kähler manifold. To this end, they defined the notion of elementary deformations of such manifolds. An elementary deformation g H of the hyper-Kähler metric g with respect to a rotating symmetry Z (with ω 1 -Hamiltonian f Z ) is a new metric of the form
for smooth, nowhere-vanishing functions a, b on N . Note that the second term is equal to b · g(Z, Z)g| HZ , so we think of g H as resulting from a conformal scaling composed with an independent scaling along the quaternionic span of Z. In [MS15], Macia and Swann study the twists of elementary deformations and prove the following result:
. Let (N, g, ω j ), j = 1, 2, 3, be a hyper-Kähler manifold endowed with a rotating circle symmetry with ι Z ω 1 = −df Z . Then an elementary deformation g H of g with respect to Z twists to a (pseudo-)quaternionic Kähler metric on the twist manifoldN if and only if the twist data are given by (Z, ω H := k(ω 1 + dι Z g), f H := k(f Z + g(Z, Z))) and the elementary deformation is
In the following, we will only consider the elementary deformation given in the theorem, and will refer to it as the elementary deformation of g.
Remark 2.2.
(i) The constants k and B simply scale the curvature of P and the metric, respectively. In the following, we will set them to 1, and assume that ω 1 is integral. Nevertheless, there is a one-parameter freedom in the construction, which arises because we may add a constant to f Z . Thus, one actually obtains a one-parameter family of quaternionic Kähler metrics.
(ii) In the case of interest for the c-map and its one-loop deformation, the resulting quaternionic Kähler metric is positive-definite [ACDM15].
Notation and some useful identities
In this section, we introduce some notation and derive a number of identities that will be useful to us in the following computations.
In the following, it will often be convenient to discuss the metric and its Kähler forms in uniform manner. Therefore, we introduce I 0 := id and ω 0 := g, so that ω µ (·, ·) = g(I µ ·, ·), µ = 0, 1, 2, 3. We also set α µ := ι Z ω µ . In what follows, Greek indices will be understood to run from 0 to 3, while Latin indices run from 1 to 3.
We briefly discuss the relation between g H and g.
Definition 2.3. Define the endomorphism field K :
Equivalently, regarding both g H and g as maps T N → T * N , we have K = g −1 H • g.
Since µ α 2 µ = g(Z, Z)g| HZ , we can rewrite the elementary deformation as follows:
Lemma 2.4. K is self-adjoint with respect to g and commutes with each I µ .
Proof. The above description of K implies that
Indeed, the right-hand side restricts to the appropriate multiples of the identity on HZ and its orthogonal complement. Self-adjointness is easy to check. Now we compute
In passing the second line, we made the substitution I λ → I µ I λ in the sum. We can do this without introducing any additional signs, because I λ appears twice in the expression. Now we study how g relates to the twisting form ω H .
Lemma 2.5. Denoting the Levi-Civita connection of g by D, the one-forms α µ := ι Z ω µ satisfy
Proof. The first identity follows from Cartan's formula and the Killing equation, while the second follows by applying Cartan's formula and the fact that L Z = D Z −DZ on differential forms, remembering that each ω k is parallel.
Definition 2.6. We define the skew-symmetric (with respect to g) endomorphism field I H := I 1 + 2DZ.
By definition of ω H and the first part of the above Lemma, we have ω H (·, ·) = g(I H ·, ·).
Using I H and the action of Z on ω k , we deduce the following consequence of (2):
where δ is the Kronecker delta symbol. Now we may sum over µ to obtain the following identity:
To obtain the right-hand side, we substituted I µ for I µ I 1 in the first terms (the same trick as in the proof of Lemma 2.4).
Lemma 2.7. I H commutes with each I µ .
Proof. From L Z ω 1 = 0, L Z ω 2 = ω 3 and L Z ω 3 = −ω 2 and the second line of (2), one obtains
Rearranging each line and using our definition of I H , we can write this compactly as g(I k I H A, B) = g(I k I H B, A) for k = 1, 2, 3. We also have g(I 0 I H A, B) = −g(I 0 I H B, A), and in summary find g(I µ I H A, B) = −g(I −1 µ I H B, A) Now, we conclude with a short computation:
which implies the claim.
Remark 2.8. In fact, this line of reasoning shows that, given an arbitrary vector field Z on a hyper-Kähler manifold, the condition that I 1 +2DZ defines a skew-symmetric endomorphism field which commutes with every I µ is equivalent to requiring that Z is an infinitesimal rotating symmetry.
General twisting formulae for connections and curvature
Before we can study the behavior of the Riemann curvature tensor under the HK/QK correspondence, we must understand how the Levi-Civita connection changes under elementary deformations and twists.
Lemma 2.9. Let (N, g, ω k ), k = 1, 2, 3 be hyper-Kähler manifold endowed with a rotating circle action, and let g H be the elementary deformation of g (cf. Theorem 2.1). If D and D H denote the Levi-Civita connections of g and g H , respectively, we have
for all vector fields A, B, C on N .
Proof. This follows from cyclically permuting the vector fields A, B, C in the identity
and taking the appropriate signed sum.
Definition 2.10. Let N be a manifold endowed with twist data, and let ∇ be a Z-invariant connection on N . We say that ∇ is H-related to a connection ∇ ′ on the twist manifold if,
for arbitrary Z-invariant vector fields A, B, C.
Proof. We use the Koszul formula for D Q using vector fields A ′ , B ′ , C ′ , H-related to A, B, C:
We pull this function back to P and look for the function on N which pulls back to the same expression.
The first three terms are easily handled, using the compatibility of the twist construction with tensor products and contractions. However, for the remaining terms we must use the formula for twists of commutators of vector fields [Swa10] :
We work out one of the terms explicitly, using tildes to denote horizontal lifts of vector fields on N and hats for horizontal lifts fromN :
This shows that
as claimed.
Combining the two lemmata, we see that, under the HK/QK correspondence, the Levi-Civita connection D Q of the quaternionic Kähler metric g Q is H-related (in the sense of the previous lemma) to the connection ∇ S := D + S H + S Q , where D is the Levi-Civita connection of the hyper-Kähler metric g. Now we turn to the curvature:
In the setting of the HK/QK correspondence, we use S = S H + S Q , and will denote the curvature tensor of ∇ S by R S .
Main theorems
The formulae deduced in the previous section determine, in principle, the curvature of the quaternionic Kähler metric in terms of hyper-Kähler data. In their current form, however, they are not particularly useful because they are too complicated to allow for effective computations. The main complication arises from the repeated appearance of the tensor field S. Our goal in the following is to rewrite these expressions in a more usable form.
Formula for the Levi-Civita connection
We first study the Levi-Civita connection under the HK/QK correspondence, aiming to simplify the expression for S = S H + S Q given by (5) and (6).
Theorem 3.1. Let (N, g, I k ) be a hyper-Kähler manifold with Levi-Civita connection D, and rotating circle action generated by the vector field Z. Denote its image under the HK/QK correspondence by (N, g Q ). Then the Levi-Civita connection D Q of g Q is H-related to ∇ S = D + S, where, in the notation of Section 2, we have
Proof. This is a long computation involving the identities derived in Section 2.3.
Recalling from Section 2.3 that f 2 Z f H g H | HZ = g| HZ and making use of the shorthand g α = 3 µ=0 (α µ ) 2 , we may rewrite the (0, 3)-tensor in the first parentheses as
where the final step uses (2). Our next step is to rework the final two terms, which feature derivatives of Z. We have
and thus, using (2) and the fact that Z generates a rotating circle symmetry, we find
With this, we arrive at
We rewrite this as
Now, applying the endomorphism K to the first argument will bring this to the form
Using the formula (1) for K, we find
Dividing by 2f 2 Z and exchanging µ and λ in the double summation, we obtain
Let us study the last line in detail. We use the fact that we can replace I λ by I λ I 1 in the summation over λ; this introduces no additional signs because I λ appears twice in the expression. Therefore we can rewrite it as
where in the last step we used the fact that
The second line cancels out immediately in the expression for S H A B + S Q A B, leaving us with
Once again, we focus on the last line. First, we replace I µ by I µ I 1 (as before, no additional signs appear), and consider the expression λ g(I λ I 1 Z, A)g(I λ I µ I 1 Z, B), for fixed µ. When µ = 0, this is manifestly symmetric in (A, B) . If µ = 0, however, the substitution
which shows that the expression is antisymmetric in (A, B) . Therefore, all terms from the last line except those corresponding to µ = 0 vanish, but for µ = 0 they cancel in the expression for S H A B + S Q A B. In summary, we have shown:
This completes the proof.
Remark 3.2. Note that, in order to arrive at this expression, we have thoroughly mixed the contributions of S H and S Q . Thus, it seems that treating both the elementary deformation and the twist simultaneously is crucial.
Curvature formula
As explained in Section 2.4, the curvature tensor R Q of the quaternionic Kähler metric g Q onN is H-related toR :
, where S is given by Theorem 3.1, and R S is the curvature of ∇ S = D + S, where D is the Levi-Civita connection of the hyper-Kähler metric g on N .
To state the final result, it is convenient to introduce the following pieces of notation: for arbitrary vector fields A, B, C, X.
(ii) We define a second map of (0, 4) tensors For (0, 2)-tensors α and β, we set α β := (α ⊗ β) and analogously define α ȅ β. Note that our first definition then reduces to the usual Kulkarni-Nomizu product.
It is well-known that the Kulkarni-Nomizu product of two symmetric bilinear forms is an algebraic curvature tensor, i.e. possesses the algebraic symmetries of a (lowered) Riemann curvature tensor. When applied to two-forms, however, the resulting (0, 4)-tensor generally fails to satisfy the Bianchi identity. This is remedied by ȅ, which constructs an algebraic curvature tensor out of two two-forms.
Our main result is the following formula, which completely determines the curvature of the quaternionic Kähler metric:
Theorem 3.4. The Riemann curvature of the quaternionic Kähler metric g Q onN is Hrelated toR, which is given by the expression
where R is the curvature tensor of the initial hyper-Kähler metric on N , and A, B, C, X are arbitrary vector fields.
Remark 3.5. Each I k , k = 1, 2, 3, is skew with respect to g H , and the properties of I H imply that ω H (I k ·, ·) is a symmetric bilinear form. Thus, each individual term in the expression forR is an algebraic curvature tensor.
We divide the proof up into two steps. First, we give expressions for the various terms that make upR (cf. (7)). We do this in the form of three lemmata. Then we sum them all up and further simplify to obtain the final curvature formula.
Lemma 3.6. With S as in Theorem 3.1 and D the Levi-Civita connection of g, we have
for arbitrary vector fields A, B, C on N .
Proof. We first compute the covariant derivative of S, and anti-symmetrize later:
where, in the second step, we used the definitions of f Z and f H as Hamiltonians, replaced I µ by I µ I 1 in some of the terms, and used DZ = 1 2 (I H − I 1 ) on the final term. We then grouped the terms according to their prefactors.
After anti-symmetrizing in (A, B) , some of the terms involving covariant derivatives of Z can be simplified considerably. Firstly,
Secondly, we may apply the identity (3) to the first term on the last line.
Taking these two points into account, the claimed expression appears directly upon antisymmetrization.
Lemma 3.7. In the same notation as the previous lemma we have
Proof. Before getting started, we rewrite the formula for S by replacing I µ by I µ I 1 in the second part, so that we have
Now we apply this formula, replacing B by S B C: We can rewrite all terms of the form g(I µ X, I λ Y )I µ W by replacing I µ by I λ I µ as follows:
Doing this several times, and also exchanging the labels µ and λ in some terms, we obtain
We note that, among the terms multiplied by f −2 Z , the second and third combine into an expression symmetric in (A, B) . The same is true for the first and third terms which come with a factor (f Z f H ) −1 , Antisymmetrizing, these cancel out and we find 
which is the expression we were after.
This determines R S . Now, there is one more term to compute, namely − 1 f H ω H ⊗ (DZ + S Z ). Since we understand ω H well, we only need to study the second part:
Lemma 3.8. The (1, 1)-tensor field DZ + S Z is given by the following expression:
Proof. This is the result of a relatively short computation:
In the second step, we once again used that g(I µ I 1 Z, Z) vanishes unless µ = 1, while the final step used f H = f Z + g(Z, Z).
Proof of Theorem 3.4. Now that we have computed all the individual pieces that make up R, we put them all together. We group terms according to their prefactors, and obtain the following expression: (R(A, B) 
Note that the final terms of the expressions computed in Lemma 3.6 and Lemma 3.8 canceled each other out. Now consider the terms proportional to (f Z f H ) −1 . The first two terms cancel, and we are left with
where, to get the last equality, we used I H = I 1 + 2DZ and substituted I µ I 1 for I µ in the last line. Now we compare to other terms from the expression forR. Observe that the entire second line is canceled out, as are the terms featuring DZ on the first line. 
This leaves us with
Now we turn to the first group of terms, those multiplied by f −2 H . After splitting off the case λ = 0 in the double summation, we can simplify: 
where the last step consists of replacing I λ by I λ I 1 and recalling g α := α 2 µ . With these simplifications, we have arrived at
where we used that R(A, B) and I H both commute with each I µ in the last step.
Recalling (1), we have
Applying this to the vector fields R(A, B)C, I H A and I H B and using that I µ and K commute (cf. Lemma 2.4), we find
To obtain the expression given in the statement of the theorem, we contract with an auxiliary vector field X, and split off the case µ = 0 in the summations:
In the final step, we grouped terms into algebraic curvature tensors. This finishes the proof.
A well-known theorem of Alekseevsky [Ale68] asserts that the curvature tensor of any quaternionic Kähler manifoldN is of the form R Q = νR 0 + R 1 , where ν = scal 4n(n+2) is the reduced scalar curvature (n being the quaternionic dimension), R 0 is the curvature tensor of quaternionic projective space HP n and R 1 (or rather its lowered version) is an algebraic curvature tensor of hyper-Kähler type. The latter condition means that, for any two vector fields X and Y , the endomorphism R 1 (X, Y ) commutes with any section of the rank three bundle Q ⊂ End TN defining the quaternionic Kähler structure. R 1 is sometimes called the quaternionic Weyl curvature.
With respect to its symmetric metric g 0 of reduced scalar curvature 1, the curvature of HP n is locally given by the expression
where {J 1 , J 2 , J 3 } is a local orthonormal frame for Q. Comparing to Theorem 3.4, this clearly corresponds to the second line of our curvature formula (note that ν = −1). We can check explicitly that the remaining terms are of hyper-Kähler type.
Lemma 3.9. The algebraic curvature tensor R 1 onN , determined by the relation
is of hyper-Kähler type.
Proof. We need to check that R 1 commutes with any section of Q. Let ZN denote the vector field onN obtained by twisting the vector field Z, which generates the rotating circle symmetry on N . Then ZN is a Killing field, and therefore preserves the bundle Q. This means that we can construct local ZN -invariant frames for Q. Since we are concerned with a pointwise condition, it suffices to check the assertion on such a frame, which we may transfer to the hyper-Kähler side. There, we can work with respect to the convenient frame provided by {I 1 , I 2 , I 3 }.
In summary, it suffices to prove that the H-related tensor field on N commutes with each I k . This is obviously the case for the first term, which is just the hyper-Kähler curvature tensor of g (up to a pointwise scaling). For the remaining terms, we have:
where, in the final step, we replaced each instance of I µ by I −1 j I µ in the summation. This suffices to prove the claim, since for any endomorphism E and vector fields X, I k Y , we have
Thus, our results refine Alekseevsky's decomposition by providing a precise expression for the quaternionic Weyl curvature.
Application: Curvature norm
The main use of the curvature formula is to enable us to compute curvature quantities for quaternionic Kähler manifold that arise via the HK/QK correspondence. This approach is most effective if the curvature of the corresponding hyper-Kähler manifold is as simple as possible. Here, we study the extreme case where its curvature tensor vanishes identically.
For any non-negative integer n, we consider the manifold
where c ≥ 0 is a real constant, and equip it with the standard flat (pseudo-)hyper-Kähler structure induced by
The (inverse of the) standard action of C * induces a rotating circle symmetry, generated by the vector field
It preserves ω 1 , with Hamiltonian function
which is everywhere positive for c ≥ 0.
To apply the HK/QK correspondence, we consider the elementary deformation g H of the metric and the twist data
and
Lemma 4.1. On every N n , the endomorphism fields K, I µ , µ = 0, 1, 2, 3, and I H all commute, and I 2 H = − id.
Proof. We already know that K and I H each commute with every I µ , so all that remains is to prove that I H commutes with K. This will follow once we prove that I H preserves the subbundle HZ of T N , as well as its orthogonal complement (HZ) ⊥ , since K restricts to multiples of the identity on these complementary subbundles.
In fact, it is enough to check that g(I H Z, X) = 0 for any X ∈ Γ((HZ) ⊥ ) ⊂ X(N ). This follows from the fact that I H is skew with respect to g and commutes with each I µ , and that each I µ acts g-orthogonally. We find g(I H Z, X) = ω H (Z, X) = g(I 1 Z, X) + d(ι Z g)(Z, X) = −X(g(Z, Z))
where we used the fact that Z is a Killing field. Using the explicit coordinate expressions given for g and Z, we find g(Z, Z) = − |z 0 | 2 − n j=1 |z j | 2 and consequently d(g(Z, Z)) = −z 0 dz 0 −z 0 dz 0 + n j=1 (z j dz j +z j dz j ) = 2ι I 1 Z g This shows that X(g(Z, Z)) = 0, proving our claim. Thus, K, I H and I k all commute in this case. The fact that I 2 H = − id can be seen by comparing the coordinate expressions (10) and (11) for ω 1 and ω H .
It is known that, for c = 0, the HK/QK correspondence maps this flat hyper-Kähler manifold to the non-compact symmetric spaceN n = SU (n+1,2) S(U (n+1)×U (2)) . For c > 0, the resulting quaternionic Kähler metric is known to be complete [CDS17] , but its isometry group is not well-understood. In [CST20], we use general arguments to prove that it acts by cohomogeneity at most one. In the following, we will show that this result is sharp, i.e. that the metric is of cohomogeneity exactly one.
Concretely, we will use our curvature formula to compute the norm of the curvature, regarded as a self-adjoint endormorphism R Q : 2 TN n → 2 TN n (up to a factor of four, this is the same as the so-called Kretschmann scalar). With respect to an orthonormal frame {e a } of TN n , this curvature invariant can be expressed as follows: where the summation runs over the corresponding orthonormal basis of 2 TN n .
Due the compatibility of the twist construction with respect to tensor products and contractions, we can compute this quantity on the hyper-Kähler side of the correspondence:
where {e ′ a } is now an orthonormal frame with respect to g H . Our first step is to write this function invariantly. Using the metric g H , we can extend the definition of the Kulkarni-Nomizu product to endomorphisms of T N n . Indeed, for E, F ∈ End T N n and vector fields A, B, C, X, we may define E g H F : 2 T N n → 2 T N n via g H ((E g H F )(A ∧ B), C ∧ X) := g H (E·, ·) g H (F ·, ·) (A, B, C, X)
Of course, we are mostly interested in the case where E and F are self-adjoint with respect to g H (so that we obtain an algebraic curvature tensor). For skew-adjoint endomorphisms Through the HK/QK correspondence, the function 2f Z corresponds to a global coordinate function onN n−1 , conventionally denoted by ρ (and 2f H = −(ρ + 2c)). We have therefore just proven that R Q 2 is a function only of ρ. This was to be expected in light of our results in [CST20] , where we showed that the isometry group of (N n−1 , g c FS ) acts transitively on the level sets of ρ.
It follows from a short computation that R Q 2 is an injective function of ρ for any c > 0, proving that the isometry group must preserve its level sets (for more details, see section 4 of [CST20] ). All this is summarized in the following theorem, which is also stated in the above-mentioned paper.
Theorem 4.5. The metrics g c>0 FS onN n are of cohomogeneity one. In particular, for every non-negative integer n, the quaternionic Kähler manifold (N n , g c>0 FS ) is not a locally homogeneous space.
